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ABSTRACT: We solve the A 27 i vertex model with all kinds of diagonal reflecting 
matrices by using the algebraic Behe ansatz, which includes constructing the multi-particle 
states and achieving the eigenvalue of the transfer matrix and corresponding Bethe ansatz 
equations. When the model is U q (B n ) quantum invariant, our conclusion agrees with that 
obtained by analytic Bethe ansatz method. 
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1 Introduction 



In solving integrable models, one of powerful tools is the analytical Bethe ansatz 
method which was proposed by Reshetikhin for close chains [1], and was generalized into 
quantum- algebra- invariant open chains [2]. Then it was employed to solve a family of 
both quantum-algebra-invariant and non-quantum-algebra-invariant open chains [3]-[5]. 
For the result is far from rigorous, one more satisfactory approach would be the algebraic 
Bethe ansatz(ABA), by which the Bethe ansatz equations and the eigenstates can be 
obtained. 

Recently, the algebraic Bethe ansatz[6]-[8] has been developed by Martins [9]-[ll] 
for a large family of vertex models with periodic boundary. Its generalizations have 
been applied into the vertex models with open boundary conditions in Refs.[12]-[15] and 
Refs. [16]- [18]. All of these show that the ABA could be suit for the system with higher 

(2) 

rank algebra symmetry. Although some open boundary vertex models, such as model 
[19, 20], have been solved by the analytical Bethe ansatz or other methods, it is still worthy 
to reconsider those by ABA. Here we will formulate the algebraic Bethe ansatz solution 
for the vertex model with diagonal reflecting matrices. 

The A^l model at the case of n = 1 is also called Izergin-Korepin model [21] which, 
under the open boundary conditions, can be related to the loop models [5] and flexible 
self- avoiding polymer chain [22]. When n > 1, the model with trivial reflecting matrices 
was solved by the analytical Bethe ansatz. However, for non-trivial reflecting matrix, the 
exact solutions remain unknown. In this paper, we expect to solve the model with all 
kinds of diagonal reflecting matrices by using the algebraic Behe ansatz, which includes 
constructing the multi-particle states and achieving the eigenvalue of the transfer matrix 
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and corresponding Bethe ansatz equations. When the model is U q (B n ) quantum invariant, 
our conclusion agrees with that obtained by analytic Bethe ansatz method [3]. 

(2) 

The present paper is organized as following. In section 2 we introduce vertex 
model and list all diagonal K± matrices governing the boundary terms in the Hamiltonian. 
Section 3 devotes to construct m-particle eigenfunctions and to derive out the eigenvalue 
and the Bethe ansatz equations. A brief summary and discussion about our main result 
are included in section 4. Some necessary calculations and coefficients are given as the 
Appendix. 



2 The vertex model and integrable boundary condi- 
tions 

The R matrix for the model used here is [3] 

R (n) 

+ ( J2 d n (u,i,j)+ J2 dn(u, i, jfjEij ® E-q + e n (u) ^ E u <g> Eji 
+f n (u)E n+ln+1 <g> E n+ln+1 + (g n {u) Yj +9n( u ) Y ) E ij® E j*i (1) 

i<j,j¥=i i>j,j¥=i 

where 

U VL 

a n (u) = 2 sinh(— — 2rj) cosh(— — (2n + 1)77) , 
u u 

b n (u) = 2sinh(-) cosh(- - (2n + 1)77) , 

c n (u, i) = 2e~ u+2ir > sinh((2i - (2n + l))rj) sinh(2^) - 2e {2i - (2n+1))v sinh(2r/) cosh(2^), 
c n {u, i) = 2e u ~ 2h sinh(((2n + 1) - 2i)rj) sinh(2r/) - 2e {{2n+l) - 2i)r > sinh(2r/) cosh(2^), 

d n (u,i,j) = -2e-f + ( 2n+1+2 ^>'sinh(2r ? )sinh(-), 

2 

d n (u,i,j) = 2et+( 2 ( i ^)- 2 ™- 1 )"sinh(27 ] )sinh(^), 

11 u 

e n (u) = 2sinh(-)cosh(- - (2n - l)rj), 
fn(u) = b n (u) — 2 sinh(2r]) cosh((2?7, + l)rj), 

u U 

g n (u) = — 2e~2 sinh(2r]) cosh(— — (2n + 1)77), 

g n (u) = -2e% sinh(2?7) cosh(- - (2n + 1)77). (2) 

i + §, \<i <n+l 

i + i = 2n + 2, i = { i, i = n+l (3) 

i-L n+l<i<2n+l 
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This R matrix satisfies the following properties 



^2 ) (0)=Pn(0)^ 1 2 

(n) 



-u 



Pn{U) 



V 12 Rr;'(u)V 12 = [R { ^] ht2 (n) 



M 1 R ( g(u) t2 Mr 1 R^ > (-u - 2£ n )' 1 = Pn [u + £ n ), 



-i pW 



regularity 
unitarity 
PT — symmetry 
crossing — unitarity 

with p n (u) = a n (u)a n (-u), £ n = -y^lir - 2(2n+ l)r/, Mj = %e 4(n+1 " I)r '. The exchange 
operator V is given by V % k \ = SuSjk, and ^ denotes the transposition in z-th space. It also 
satisfies the Yang-Baxter equation(YBE)[6] 

- ^MaV^SV) = B&\v)B&\u)B&\u - v), (4) 
l®RW(u) etc. = VnR^Vu- Define the following 



J?S3 ) («) = i2W(«)®l, J RS ) («) 
reflection equations 

R$(u - v) K- {u)R^{u + v) K- (v) =K- (v)RS(u + v) K- (u)R%\u - v) 

B$(-u + v) K+ (u) M' 1 B&\-u -v- 2£ n ) MK+ (v) 
= k'l (v) M R ( u\-u -v- 2£ n ) M^kI {u)R!${-u + v), 



(5) 



(6) 



1 2 

where K± (u) = K±(u) ® 1, K± (u) = 1 <g) K±(u). Then the transfer matrix defined as 



t(u) = tiK+(u)U(u) 

constitutes an one-parameter commutative family, i.e. [t(u),t(v)] = 0. Here 

U(u) = T(u)K-(u)T-\-u), 
T{u) = R${u)R$-..RS{u). 

The corresponding integrable open chain Hamiltonian takes the form 



N-l 



^i;^ +1 + I/k(o, + trA '+< >"™ 



k=i 



trK + (0) 



(7) 

(8) 
(9) 

(10) 



with Hk t k+i = Vk,k+iR'kk+i( u )\u=o- The general solutions of Eq.(5) have been obtained in 
Ref.[23]. The trivial and nontrivial diagonal reflecting matrices take the form 

K { l\u,n)i = 1, 



K {2) (u,n,pJ)i 



i = l,2,---,2ra+l 
c_ cosh(?7) + sinh(-u — 2(2p_ — n)rj) , (1 < i < p-) 



(11) 



c_ cosh(w + rj) - sinh(2(2p_ - 71)77), (P- + 1 < i < 2n + 1 - P-) (12) 
c_ coshfa) + sinh(w - 2(2p_ - 71)77)] • ( 2n + P- + 2 < i < 2n + 1) 



_,4(ra+l-i)r/ 



l,2,---,2ra + l 



(13) 



if+ 2) (M,n,p+), 



where c 2 _ = c 2 



= 4(n+l-i)r;+M-2(2n+l)»] 



e 4(n+l-i)r) 



c + cosh(?7) + sinh(u — 2(3n — 2p + + 1)77) 
< i < P+) 

c + cosh(n — (4n + 3)77) + sinh(2(2jo + — n)rf) 
(p+ + 1 < i < 2n + 1 - p+) 



3 4(n+l-i)r/-u+2(2n+l)»] 



c + cosh(?7) + sinh(w — 2(3n — 2p + + l)r)) 



(2n + p + + 2<i<2n + l) 
1, p± are integer numbers varying from 1 to n. 



(14) 



3 The algebraical Bethe ansatz 

In this section, we will present the main procedure of solving open A 2l i model by using 
the nested Bethe ansatz. We begin with introducing the vacuum state. 



3.1 The vacuum state 

Firstly, we write the double-monodromy matrix (8) as 



U(u) 



( A{u) B 1 (u) B 2 {u) 
£>i(u) A n (u) A 12 (u) 
D 2 (u) A 21 (u) A 22 (u) 

D 2n -i(u) A 2n -ii(u) A 2n _ 12 (u) 
V G{u) Ci(u) C 2 {u) 



B2n-l 

A 12n ^(u) 

A 2 2n-l{u) 



F{u) \ 
E^u) 
E 2 {u) 



A2n-12n-l(u) E 2n -l{u) 

C 2n -i(u) A 2 {u) J 



(15) 



With the help of Eqs.(4,5), we can prove that U (u) in eq.(15) satisfy the following equation 



R$(u -v)U + v) U (v) =U (v)R ( u'(u + v) U {u)H^{u - v). (16) 

Applying the double-row monodromy matrix eq.(15) on the vacuum state |0) = 11^(1? 0, • • • , 0)*, 
we can find 

D o (ii)|0) = 0, C o (m)|0) = 0, G(m)|0) = 0, 
B a (u)\0)^0, E a (u)\0}^0, F(u)|0)^0, 
A aa (u)\0)^0, A ab (u)\0) = (0^6), 

A(m)|0)^0, A 2 (u)|0)^0. (a = l,2,...,2n-l) (17) 

From Eq.(17), we can see that D a , C a and B a , E a , F play the role of annihilation operators 
and creation operators on the vacuum state, respectively. The A, A aa , A 2 are diagonal 



>(«) 



>(")/ 
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operators on the vacuum state. Introducing two new operators (a not very long calculation 
is omitted here) 

A ab (u) = A ab (u)- h(u)A(u)5 abl (18) 

2n-l 

A 2 (u) = A 2 (u) - f 3 (u)A(u) - f 2 (u) £ e 4 ^A aa (u), (19) 



a=l 



where 

~ g n (2u) ~ c n {2u,2n+l) ~ e u ~^ sinh(2g) 

a n (2it) a n (2«) smh(« — 4n?7) 

a + |, 1 < a < n 

a = < a, a = n (20) 
a — |, n + l<a<2n— 1 

we have 

A(«)|0) = l^iM^VH^lO) = wi(«)|0>, (21) 
A aa (u)\0) = (K_(u) a+1 -f 1 {u)K_{u) l )[b n {u)] 2N p n {u)- N \Q) = fc-(«)„w(«)|0),(22) 

2n-l 



A 2 (ti)|0) = {^»2n+l " / 2 («) E e 4 ("-^(^(^)a + l " 

a=l 

-/3H^-Hi}[e„]H 2 VH _JV |0) = a; 2n+1 H|0). (23) 
In terms of new operators, the transfer matrix (7) can be rewritten as 

2n-l 

t(u) = wi(u)A(u) + E (u)i4oo(«) + w 2n+1 (u)A 2 (u) (24) 

a=l 

with 

2n-l 

lUl(u) = ^+(«)l + /3(w)K + (M)2„+l + AH E ^+( M )a+l, 

a=l 

«;(«)*+(«) = tf+Ha+i + e 4 ("- 5 )V 2 ( M )K + ( W ) 2n+1 , w 2 „ +1 («) = tf + («Wi- (25) 



The explicit expression of coefficient functions u/s and u>'s can be seen at the case j = 
in Appendix B, k T (u) = K^\u, n — 1) or i^^({t, n — l,p=p — 1) depend on the choice of 
boundary, u = u — 2r\. 

3.2 The Fundamental commutation relations 

In order to construct the general m-particle state, we need to find the commutation 
relations between the creation, diagonal and annihilation fields. Here we only provide 
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some important commutation relations. Taking some components of eq.(16), we can 
obtain the following fundamental commutation relations 



B a (u)B b (v) + 5 ab 9i(u, v, a)F(u)A(v) + g 2 (u, v, a)F(u)Aa b (v) 

= r(u-)t[B d (v)B c (u) + 5 dc9l (v, u, d)F(v)A(u) + g 2 (v, u, d)F(v)A dc (u)} : (26) 

A(u)B a (v) = a\(u, v)B a (v)A(u) + a\(u, v)B a (u)A(v) + al(u, v)B d (u)A da (v) 

+a\(u, v, a)F(u)D- a (v) + a\(u, v)F(u)C a (v) + a\(u, v, a) F(v)D- a (u), (27) 

A ab (u)B c (v) = f( M+ )-f( M _)^S e (t;)^ / H + J Rf( M ,t;)^ J B / ( M )A( V ) 
+B£(u, v) a d {B f {u)A dc {v) + 5 hc Rf(u, v, b)E a (u)A(v) 
+Rf(u, v, b)E a {u)A bc {v) + B£(u, v) a jF(u)D f -(v) 
+5 ab R£(u, v)F(u)C c (v) + Rf(u, v) a jF(v)D f -(u) 

+R£(u,v) a cb f F(v)C f (u), (28) 
A 2 (u)B a (v) = a 3 (u, v)B a (v)A 2 (u) + a 3 2 (u, v)B a (u)A(v) + a 3 3 (u, v)B d (u)A da (v) 

+al(u, v, a)Ea(u)A(v) + a\(u, v, d)E d (u)A da (v) + a\(u, v, a)F{u)Da{v) 
+a 3 (u, v)F(u)C a (v) + 4(u, v, a)F{v)D- a {u) + a 3 9 (u, v)F(y)C a (u), (29) 
A(u)F(v) = b{(u,v)F(v)A(u) + bl(u,v)F(u)A(v) + bl(u,v,d)F(u)A dd (v) 

+b\(u, v)F{u)A 2 {v) + b\(u, v, d)B d {u)B d {v) + b\{u, v)B d (u)E d (v), (30) 
A ab (u)F(v) = b\{ U) v)F(v)A ab (u) + 5 ab b 2 2 (u, v)F(u)A(v) + R((u, v) d b c d F(u)A dc (v) 

+5 ab b 2 3 (u, v)F(u)A 2 (v) + R% (u, v)tB d (u)B c (v) + R[(u, v) a d tB c {u)E d {v) 
+bl(u,v)E a (u)B b (v) + bl(u,v,b)E a (u)E- b (v), (31) 

A 2 (u)F(v) = b 3 (u, v)F(v)A 2 (u) + b 3 (u, v)F(u)A(v) + b 3 (u, v, d)F(u)A dd (v) 

+b 3 (u, v)F{u)A 2 {v) + b 3 (u, v, d)B d {u)B d {v) + b 3 (u, v)B d {u)E d {v) 
+b 3 (u,v)E d (u)B d (v) + b 3 (u,v,d)E d (u)E d (v). (32) 

Besides the above fundamental commutation relations, we also need the following neces- 
sary commutation relations 

D a {u)B b {v) = R?(u, v) a d tB c {v)D d {u) + c\(u, v, a)B- a {v)C b {u) + 8 ab c\{u, v)F{v)G{u) 
+c\(u, v, a)Ba{u)C b {v) + c\(u, v)E a {u)C b {v) + 5 ab c\{u, v)A(v)A(u) 
+cl(u, v)A{v)A ab {u) + 5 ab c){u, v)A{u)A{v) + c\{u, v)A(u)A ab (v) 
+Cg(w, v)A ab (u)A(v) + c\ (u, v)A ad (u)A db (v), (33) 

C a (u)B b (v) = R°(u, v)£B d (v)C c (u) + R%(u, v)%B c (v)D d (u) + 8 ab c\{u, v, a)F(v)G(u) 
+cl(u, v)B a (u)C b (v) + cj(u, v, a)Ea{u)C b (v) + 5 ab cl(u, v, a)A(v)A(u) 
+R$(u, v)tA(v)A dc (u) + S ab cl(u, v, a)A(v)A 2 (u) 
+$ab c t( u i v > a)A{u)A{v) + Cj(u, v, a) A{u) A- ab (v) 
+RC(u,v)tA dc (u)A(v) + RC(u,v)? a A dc (u)A eb (v) 
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+5 a ic 2 8 (u, v, a)A 2 (u)A(v) + c 2 9 (u, v, a) A 2 (u) A ab {v) , (34) 
B a (u)E b (v) = R be (u, v) c b a d E c {v)B d {u) + R b 2 e (u, v)f c a B d (v)B c (u) + S ab e\(u, v, a)F{v)A{u) 
+R be (u, v)tF{v)A dc {u) + 5 ab e\{u, v, a)F(u)A(v) + R be (u, v) c h a d F{u)A cd {v) 
+5 ab el(u,v,a)F(u)A 2 (v), (35) 

where all the repeated indices sum over 1 to 2n — 1, u± — u ± v and 

/ x d n (u_,l,a)b n (2v) d n (u + ,l,a) _ 

^ 1(W) = - e n {u_)a n {2v) ' ^v,a) = ^ a + a = 2n .(36) 

The f(u),r(u) and f(-u) are given by 

r(«)= 7 r^T ^-^H, r» = ^-i?(- 1 )( W -4r ? ), f(«) = -i-i^u), 
e„(u) a n (w) a n (w) e„(u) 

respectively. The other coefficients are not presented here for their long and tedious 
expressions. 

3.3 The m-particle state 

Inferred from the commutation relation Eq.(26), we can construct the general m-particle 
state as follow. Let 

$m" 6m K ■■■,v m ) = B bl ( Vl )^ b r(v 2 , ...,v m ) 

m 

+F(vi) E ®t-2 m (v2, ■ ■ ■ , Vi, ■ ■ ■ , v m )Sf.t(^ 

i=2 

xA™~ 2 (^; Ui, 6i)A(^)5 Sld2 

m 

+F(vi) E ^-2*-(^, v m )[f m - 2 ( Vl ; {v u v^ttkci 

i=2 

xS c £: c £(vi] {vi, Vi})g2(vi,v h h), (37) 



where 



Stti^m = v i )f%£(v 2 -v i )---r%£(v i - 1 -v i ) J[ 5 djb 



'j j 

j=i+l 



[T m (u; {v m })ttU = rfju + Wl )f£*(« + v 2 ) ■ • + vj^/ju) 

^z:-, (« - ^)C:±: 2 1 ( u - v ™-i) ■ ■ ■ nil 1 (« " «i) (38) 

with Sfctfa; U2, • • • , u m ) = n™ i <W [f°(u)U = A ab (u), Ap(u; v 1: v 2: ---, v m ) = UT=i a[(u, v t ), 
(I = 1, 3), $o = 1) ^(vi) = B bl (vi). The Vi means missing of Vi in the sequence. 
Then the general m-particle state is defined by 

\r m ( Vl , • • • , v m )) = <r'">i, • • • , v m )F b ^ b -\0), (39) 
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which enjoys the property 

^■■a iai+1 - bm{v ^ . . . ^ . . . ^ Uro )^+i«*( u . _ Vi+1 )F b -- b -\0) . (40) 



It is easy to verify Eq.(40) excepting i — 1. But, the proof for the case z = 1 becomes 
very involved and are omitted here. 

3.4 The eigenvalue and Bet he equations 

We can apply the operators A 's on the eigenstate ansatz and obtain (see Appendix A) 
x(u)\T m (vi,---,v m )) = \^ x (u,{v m })) 

m 

+ ^2hl(u,Vi, U, Vi] \Vm})didi) 

i=l 
m 

+ E h l{ u , v i, d )\^m-l( u , v i\ {Vm})dd) 
i=l 
m 

OCxOCx/ 

i=l 
m 

O-xOlxl 

i=l 

m—1 m 

+ E E ^K^^.OI^K^,^;^})^) 

j=l j=i+l 
m—1 m 

+ E E "i, Ui)|*m- 2 (M, ^ ^; {Mk> 

i=l j=i+l 
n—l m 

+ E E Vi, Vj)\¥^_ 2 (u, v h Vj ; {v m }) dl ) 

i=l j=i+l 
m—1 m 

+ E E ^K^-^I^U m, fj,^-; {v m }) dl ), (41) 

i=l j'=i+l 

where the expression of |\I/)'s and coefficients Hj dl (j = 1,2,3,4) are given in Appendix 
A, x — A, A aa , A 2 . Using eq.(24), we then get 

i(u)|T m (i)i, • • ■ ,v m )) = wi(m)^i(w)A™(m; vi, ■ ■ ■ , v m )\T m (vi, ■ ■ ■ ,v m )) 

+w(u)cu(u)A™(u; v lt ■ ■ ■ , v m )S*~*»fa, • • • , t; m )7i(fi; {v m })^F^"^\0) 
+W2n+i(u)u 2n+1 {u)kf{u] v ir --, u m )|T m (ui, • • • , v m )) + u.t., (42) 

where u.t. denotes the unwanted terms, 

Ti(uAv m })t:t = 
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k + (u) a L(u, vXlM^ V2t\i ■ ■ ■ L ^ v m ) h h Z- g l d -k-(u) h 

)h<m,Qm, 
fm—l c m 

with Vi = Vi — 2i], and 



(43) 



L- 1 (-u,v^ ab 



cd 



Pn-l(u ~ v) 

Thus, we get the conclusion that|Y m (i>i, • • • ,v m )) is the eigenstate of t(u), i.e. 

t(u)\T m (vi,---,v m )) = {wi(u)wi(u)Ay(u;ui, •••,«„,) 
+w(u)u(u)A 2 n (u; v 1: ■ ■ • ,u m )ri(w; {w m }; {v£J}) 

+W 2 r i +l(M)^2n+l(M)A™(M; V U • • • , l>m)}|T m (ui, • • • , U m )) 

= r(u; {v m })|T m (vi, • • • , u m )), 
if the parameters satisfy 



(44) 



(45) 



n(«; {t^})^* 1 - 6 " = T^; {^}; {i&J})^- 6 " , (46) 

ft (i = l,---,m) , (47) 



where 



2e 2v sinh(uj) sinh(vj — Anrf) cosh(t> j — (2n — 1)77) 
sinh(vj — 2rj) 

2e Vi sinh(i>j) sinhfifc — 4nr?) r , .„ . , . . . X1 

/; -[sinh(2r?) + c + cosh(^ - (2ra + 1)77)] 



sinh(vj — 2r/) 

x [cosh((4p + — An — 1)77) — c + sinh(t>j — 2(n + 1)77)]. 



All unwanted terms cancel out by the following three kinds of identities 



for the eq.(13) 



for the eq.(14) 
(48) 



R( \_ T (di) ( ^ wi(u)al(u, Vj) + E^i 1 w d+1 (u)Rf(u, Vj) d d d ld + w 2n +i(u)a 3 2 (u, vA 



wi{u)a\(u, + I?^ 1 w d+1 (u)R A (u, Vi)f ld + w 2n+ i(u)a 3 .(u, uj 



f v .\ = rpid^U. ^+MRs (U, Vi, di) + W 2 n+l(u)aj(u, Vj, dj) 



(50) 



2n+l _ 2n+l 

E w i( u )^ dl (u,Vi,Vj) - [E wiiv^H^fav^Vj^fcivi) 
1=1 1=1 

2n+l 2n+l 
-[E ^(«)^3k( M '^'^)]AK) + [£ WlH^K^,^-)]/?!^)/?!^) = (51) 



with xi = A, x i+1 = An, %2n+i = A2, di = 1, 2, • • • , 2n - 1. 
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From eqs.(43), (45) and (46) , we can see that the diagonalization of t(u) is reduced to 

(9) 

finding the eigenvalue of Ti(u; {v rn }) which is just the transfer matrix of ^(n-i) ver tex 
model with open boundary conditions. Repeating the procedure j times, we can obtain 
the Tj(u^;{v^~}^};{v^.}) corresponding to the eigenvalue of open boundary ^4(n-j) 
vertex model, 



= w?\u®)u?\ U <fh {<- 1 1 ) })A?(« {j) ; {< } }) 
+w^(u^\u^ {v^})T J+1 (u^; {(#>}; 

+^) + i(^°'V?(! l - j ) + i(« ' ) ; {vli-}}})A?(u^, {<>}), (52) 

with «W = u - 2j V , 5^ = - 2rj, {<)} = {v?, • • • , v%}. {vQ} = {v m }, {„£>} = 
{Vm-l} = {0}> m -i = N,mo = m. Replacing the m,u, {v m },n in the A™(w; {v m })(l = 
1,2,3) by rrij, {v$. }, n—j respectively, we have A™ 3 (u^; {v$. }). The Bethe equations 



are 



m j+1 



Jj\v\ j) - {^- 1 1 )})Ar'- 1 (^' ) ; {#}) 

= -Pn-j-l(O) () 0) (j) r-O^/ ^fa 0- = 1, • • • , ™;) (53) 



The coefficients w's, o>'s, /?,■ and the following u, £'s are expressed in Appendix B. We can 
rewrite the eigenvalue in detail, which is 

r(«) = r„(«) = 4V°WV 0) )dV ^ {v^\})A^\u) 
+41 1 (« (0) )^i(- (0) )^V (0 M«})c ( - ) (-) 

n-2 

+ E ^(«°'Vi(« 'V?' +1 V (j+1) )^? +1 V ' +1) )d°V (0) ; {v£!})B {mj ' mj+l) (u) 



3=0 
n-2 



3=0 

+^- 1 (u ( "- 1 Vn-i(« (n - 1) )d 0) (« (0 MC_ 1 1 ) })^ (m "- l) («) ) (54) 

where 

^ ( U W) = w^(m^), Vj(uW) = n (55) 



A (m 0){u) = ^ sinh(|(«(°) + 4 0) ) + 21,) sinh(i(S(°) - ) + 2r/) 



fc=i 



sinh(i(u(°) + 4 0) )) sinh(i(ii( ) - 4 0) )) 
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c(mo) = =0 00^(1(5(0) + if) ~ (2n + 1)7/) cosh(|(g) - ig) - (2n + 1)77) 
^ cosh(i(M(°) + f)f) - (2n - 1)77) cosh(±(«(°) - ) - (2n - 1)77) ' 
B (m^ +l)(u) = ff sinMKgj + gg) - 277) sinh(i(^) - gg>) - 2 rj) 
fci smh(|(M(i) + 4 i) ))sinh(i(M0')-^' ) )) 
sinh(|(^ +1 ) + v\ 3+1) ) + 277) sinh(|(^ +1 ) - v\ 3+1) ) + 2ry) 
X W sinh(|(ixO-+i) + ^ {i+1) )) sinh(±(«0'+ 1 ) - i^' +1) )) ' 

g(m, I? n, +1 ) (M) = tt gggMj(gj + ^) ~ gn - 2j - 3)t?) cosh(|(g) - gg>) - (2w - 2j - 3)77) 
M iJi cosh(±(u&') + 4 j) ) - (2ra - 2j - 1)77) cosh(±(«0') - if) - (2n - 2j - 1)77) 
"^t 1 cosh(|(^ +1 ) + ij J+1) ) - (2w - 2j - 1)77) cosh(i(# +1 ) - ij J+1) ) - (2n - 2j - l]rj) 
X cosh(i(itO-+i) + ^ {i+1) ) - (272 - 2j - 3)77) cosh(|(M(i+ 1 ) - i\ 3+1) ) - (2n - 2j - 3)r/) ' 

(j = 0,l,2,...,n-2) 
^„_ l)fu) = "rr 1 sinh(i(^"^) + fif- 1 *) - 277) ggM^gC^) - vt l) ) - gTT) 
^ ^(i^-^ + ^-'^sinMl^- 1 )-^- 1 ))) 

^ cosh(|(g^ + 4 W ' 1} ) + V) cosh(|(g^ - 4 W " 1} ) + g) 
X cosh(i («(«-!) + 4" _1) ) - V) coshd^™- 1 ) - 4 n_1) ) - 77) ' 

The explicit expression of Bethe equations eq.(53) is 

"!y sinh(|(if + vji-V) - 77) sinh(|fe (i) - v {3 ~ 1] ) - 77) 
JJi sinh(±(if + 4 i " 1) ) + 77) sinh^if - v [ t l) ) + V) 
^ m ^ sinhd^P + ij J+1) ) - 77) sinh(|(if - v\ 3+l) ) - 77) 
X t=i sinh(±(if + v\ 3+1) ) + 77) sinh(±(if - v\ 3+1) ) + 77) 
™> smh^gf + iff)) + 2r/) snA(|(^ + if) + 277) 
X sinh(|(if + W) - 277) sinh(±(if + W) - 277)) 
= W^)(if )Q^(if ), (i = 1, • • • ,mj; n - 1) (57) 



"pr 2 sinh(i {vt l) + 4"' 2) ) ~ V) gmMjgg ~ ^i"" 2) ) - g) 
M sinh(|(7}f- 1) + if^) + 77) sinh(I(if ^ - t#- 2 >) + V) 

^ rosh&if ^ + v^) - 77) cosh(§(if ^ - fit"- 1 *) - 77) 

L\ COSh(|(if ^ + V^) + T/) COsh(i(7} i (n - 1) - V { r l) ) + 77) 

sinhd(#- 1} + v { r l) ) + 277) sinh(± gf ~ 1} + if " 1} ) + 277) 
X sinh^if- 1 ) + if ~ 1} ) - 277) sinh(±(if " 1} + v\ n ~ l) ) - 277)) 
= W^- 1 )(^- 1) )Q(- 1 )(#- 1) ) (i = 1, • • • ,m n _0 (58) 
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with 



W {j \v\ 3) ) = 



W i J+1) (^ ) )a ra - J - 1 (2^Q) 



Q?{v\ j) ) 



j = n - 1 



-(n-l)/ (n-l)\" 



, j ^ n - 1 
3= n-l 



(59) 



(60) 



Up to now, we have gotten the whole eigenvalues and the Bethe equations of transfer 
matrix for the vertex model with open boundary condition. 



4 Conclusions 

In the framework of algebraic Bethe ansatz, we solve the A^ vertex model with general 
diagonal reflecting matrices. When the model is U q (B n ) quantum invariant, we find that 
our conclusion agrees with that obtained by analytic Bethe ansatz method [3]. It seems 
that other models, such as A^-i, B^p and vertex models can also be treated in this 
way. Additionally, we notice that algebraic Bethe ansatz has been generalized to the spin 
chain with non-diagonal reflecting matrices[24]-[27]. It is interesting to apply the method 
to other higher rank algebras. 
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A Some detail derivations 

Acting the diagonal operators x(u) = A(u), A aa (u), A 2 (u) on the m-particle state and 
having carried out a very involved analysis similar to that in Ref. [16], we can obtain the 
following expression 

x(u)\T m (vi,- ■ -,v m )) = \^ x (u,{v m })) 

m 

+ H h l( u , v i, d l)\^m-l( u , v h {V m })didi) 
i=l 
m 

+ h 2( U i ""i, <OI*m-l( u > v i\ { v m})dd) 
i=l 
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+ ^h%(u,v i ,a x )\y ( £ ) _ 1 (u,v i -, {v m }) 



i=l 
m 



i=l 

m— 1 m 

+ E E ^ ie2 ^M 1 (w,^,^)I^S ) -2(w,^ ! ^;{^m})die 2 ) 
i=l j'=i+l 
m— 1 m 

i=l j=i+l 
m— 1 m 

1=1 j=i+l 
m—l m 

+ E E ^K^^^SJ^UK^,^;^})^), 

i=l j"=i+l 



where when x = A, A aa , A 2 , 



h*(u, Vi, di) = a\(u, Vi),Rf(u, Vi)*£, a 3 2 (u, v t ), 
h£(u,Vi,d) = al(u,Vi),R£(u,Vi)%i,al(u,Vi), 
/if (u, Vi, a x ) = 0, i^(u, Vi, a),a\(u, v h d), 
hl(u,Vi,a x ) = 0,Rf(u,Vi,a),al(u,Vi,d), 
a x = 0, a, d, 



(A.l) 



\V x (u,{v m })) = < 



' «i, • • • , v m )|T m (vx, • • • , u m )), 

• • • , ^ m )[T m ( M; {v m })£::.t lao^-^io), 

k u 2n+1 (u)Af(u; v 1 ,---,v m )\T m (v 1 ,---,v m )), 
respectively, and we denote 

l*m-l(«, ^ W)/di) = ^/(«)K 2 -l dm (^l: • • • , Vi, ■ ■ ■ , V m ) 
l*m-l(«, ^ = B f ( U )^Z-t m (vi, ■■■,V i ,---,V m ) 

,(3) 



Ui; KJU) = £ a («)$™ 2 :i d ">i, • • • , i5i, • • • , v m ) 

xsfii^ {vmr\w, {v^iv^F^-io), 

v^, {v m }) ab ) = E a (u)^Z-i m ( v u ■■■,v i ,---,v m ) 



*m-2(M, Vi, Vf, {V m }) die2 ) = F(u)$ e £^ m (v U ■ ■ ■ ,Vi, ■ ■ ■ ,Vj , ■ ■ ■ ,V m ) 



(A.2) 



(A.3) 
(A.4) 
(A.5) 
(A.6) 
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xAr 2 (vj;{vi,Vj})A(vi)A(vj)F b ^\0), 
|^- 2 K Vi, vj- {v m }) e J lC2 ) = F(u)^:^( Vl , ■■■,v i ,---,v j ,---,v m ) 

xAr 2 («j;R«i})%)^""'"|0) ) 

l*S?-2(M>Ui,Uj; {v m })/di) = ^(«)$m-2 6m ( w i> • • • • -,Vj,- ■ -,v m ) 

xAr 2 (^;{^,^})^)^ 6l '" 6m |o>, 

|^- 2 («, Ui, Vj; {" m })i/) = F(u)®%-% m (vi, ■■■,v i ,---,Vj,---,v m ) 
x [T m " 2 (^; {v h vA)Z'T m he[f m - 2 (v f , fa, vA)Z-Zhc 2 

The explicit expressions of Hf di (u, v i} Vj), I = 1, 2, 3, 4 are listed as below 

+a 1 5 (u,v i )(cl(v i ,v j ,d 1 ) + cKv^Vj,^)) + Vj, di) 

+al(u,u i )a2(u,Uj)0i(u,u i ,<Or(vi -u)^, (A. 11) 

H 2,di ("> V i> V i)Sdi = a K U > V ^ dl)(cl(Vi, Vj) + cl(Vi, Vj))S dlf 

+a\{u, Vi)(R$(vi, Vj){ e 2di + R%(vi, Vj) f C2di ) 

+bl(u,v i )g 1 (v i ,v j ,d 1 )8 dl c 2 + a\{u,v i )a\(u,Vj)g 2 (u,v i , f)r(vi - u) f C2dl , (A.12) 

Hz, dl {u,Vi,Vj) = al(u,Vi,di)cl(vi,Vj) + a\(u, Vi)c?(vi, vj, d~i) 

+b\(u, Vi)g 2 (vi, Vj, d^ + a\{u, Vi)a\(u, v j )g 1 (u, v i: d)r(vi - u)f idi , (A.13) 

H tdi ( M > v ^ v i)%i = a K u > v ^ di)c{ (vi, Vj)5 dld + a\(u, Vi)R%{vi, Vj)f dl 

+bl(u,v i )g 2 (v i ,Vj,d 1 )5 dlf + a\(u,v i )a\{u,v j )g 2 {u,v i ,d)r{v i - u)f di , (A.14) 

Hf%(u, v,) = Rf(u, Vj) + c\(v u v,)) + b\{u, Vi) gi (vi, v v d x ) 

+R£(u, Vi)(cl(vi, vj, di) + cl(vi, Vj, Ji)) + r(u + Vi) d d a f(u - Vi) d dl a R^(u, Vj, di)e}(^, u, d) 
+f(u + Vi )T g f(u - ViYlM^ ^, h)R?(u, Vj)f f r( Vi - u)f e , (A.15) 

H 2 £(u, Vj){l dl = Rf(u, Vi)f ia (cl(vi, Vj) + c\{v t , Vj ))6 dlf 

+Rq(u, Vi)(R%(vi, Vj){l dl + R%(vi, Vj){l di ) + R((u, ViY^g^Vi, Vj, di)5 dl - C2 
+r(u + Vi )%f{u - Vi)t ia g 2 (u, v u f)R?(u, v,)f 2h r{v t - u){ e c 

+r(u + Vi )t g f{u - Vi)%R£(u, Vj, c 2 )Rf( Vi , (A.16) 
Hf%(u, v h Vj) = R£(u, v^lcKvi, Vj) + R£(u, Vi)c 2 7 (vi, Vj , d t ) 
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(A.7) 
(A.8) 
(A.9) 
(A.10) 



+b 2 2 (u, Vi)g 2 (vi, Vj, di) + r(u + Vi) a d d a r(u - Vi) d dl a Rf(u, v j: di)e}(^, u, d) 

+f(u + Vi )%f{u - v^Mu, Vi, h)R£(u, v 3 )% f r( Vl - u)£, (A.17) 

H^(u, Vi, vj)f dl = R£(u, v^cUvi, Vj )S dld + R£(u, v t )R^(v t , Vj )f dl 

+R( (u, v t ) d a tg 2 ( Vl , Vj , d 1 )S dlf + f(u + vCffiriu - v^R^u, Vj , f)R b 3 e (vi, «)* 

+r(u + v t ) a b c g f(u - ^(u, Vi , d)R*{u, Vj )f h r(vi - u)£, (A.18) 

i, ^) = al(u, Vi, di)(c\(vi, Vj) + c\(vi, Vj)) + fr^w, Vi)gi(vi, vj, d x ) 
+a 3 (u, Vi)(c\{vi, Vj, di) + cl(vi, Vj, d ± )) + a\(u, Vi)a\(u, v j: di)e\{v h u, di) 
+a 3 1 (u,v i )al(u,v j )g l (u,v i ,d)r(v i - u)f idi , (A.19) 

H 2,di( U > V " V j) f cld 1 = a l( U > V i, dl)(cl(Vi, Vj) + C \(Vi, Vj))8 dlf 

+a 3 7 (u, Vi)(RC(vi, Vj) s : 2di + R c 4 {vi, Vj )% dl ) 

+bl(u, Vi)gi(vi, Vj, di)8 dl c 2 + a\{u, Vi)a\{u, Vj, c 2 )R h 3 (vi, u) f c * dl 

+a 3 1 (u,v i )al(u,v j )g 2 (u,Vi, f)r(vi - u) f c * di , (A.20) 

H 3,di( u ' v ^ v i) = <4,{u,Vi,di)cl(vi,Vj) + a 3 (u,Vi)c^(vi,Vj,di) 
+bl(u, Vi)g 2 (vi, Vj, di) + a\(u, Vi)a\{u, Vj, d^e^Vi, u, d x ) 

+a 3 1 (u,Vi)al(u,Vj)g 1 (u,Vi,d)r(v i - u)f di , (A.21) 

H idi( u i v » v i)fd 1 = a l( u i v h di)c\ (vi, Vj)5 dld + a 3 7 (u, Vi)R%(vi, Vj)f dl 
+b 3 3 (u, Vi)g 2 (vi, Vj, d^S^f + a? (it, v,i)a 3 5 (u, Vj, f)R b 3 e (vi, u)f dl 

+a 3 1 (u,Vi)al(u,Vj)g 2 (u,Vi,d)f(v i - u)f dl . (A.22) 

All the repeated indices sum over 1 to 2n — 1 except for a, d\ and we have checked that 

H^iu^vtfr _ Hl^u^v^l 
R^{vi-vj)il a R^{vi-vj) d i£ 



Hl b {u,v t ,v J ) d c l a Hl dl (u,Vi,Vj)ii 



R^{vi + Vj)T R^- l Kv l + v ) d \t 



(A.24) 



We conclude that Eq.(A.l) can be verified directly by using mathematical induction, 
although it is a rather hard work. Similar to assumption of algebraic Bethe ansatz, we 
might assume that "quasi" m-particle states such as S$ m _i|0), E$ m -i\0), BB§ m _ 2 \0), 
BE& m _ 2 \0), EB& m _ 2 \0), F$ m _ 2 |0), F5$ m _ 3 |0) etc are linearly independent. Here all 
the indices are omitted and all the spectrum parameters in the "quasi" n-particle state 
keep the order {v ix , v i2 , •••,%} with i x < i 2 < ■ ■ ■ < i k . For example, Bi(vi) ^(i^)^™-^" 1 
(v 3 , v m )F llb ^\0) and B^B^v^lt^ • • • , v m )F 12b ^ b -\0) are thought to be 
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linearly independent. Then, by using the assumption, the property of Eq.(40) and some 
necessary relations, we can prove the conclusions Eq.(A.l) as done in Ref.[16]. 

In order to obtain the eigenvalue and the corresponding Behe equations, we need to 
carry on the following procedure. Denote 

[f m (u; {v m })tiUF bl '-- brn \V) = w(«)A?(«; {v m })[T m (u; {M&U^'^IO) 

m 

{v m }) = [] Pn-i(u - Vi)p(u, Vi) , (A.25) 
i=i 

Pn-i{u) = a n _i(u)a n _i(-w), p(u,v) = — - — ■ — 1— r, (A.26) 

a n (u + v)e n (u - v) 

[T m (u; {v m })t:tU 

= Hi, vitf^Hu, v 2 ) h h \f 2 ■ ■ ■ L(u, v m )ll-^k-{u) hm 
*L-\-u,vJ h f 2% m L-\-u,v^ (A.27) 

Before deducing the Eq.(41), we present the following four relations (the proofs are omitted 
here) 

s^::t(^{^}Mvi\{v m }) e ^ = 

(plrnr'T^iv^T™- 1 ^ mzt^stiivf, «), (a. 28 ) 



Pn-l(Vi+Vj) TW(Vi) 

* *t::zr (<\r **})sKr to {^})t't > ( A - 29 ) 



p n -i(vj + Vi) T^)(vj) 
xSt-^ivf, ^i, rA)Stt (i^ mynivf, {v m })fc£, (A.30) 



Pn~l{Vi +Vj) 



J/ 



xri(fi<; {<U)r.t^fe {fi m })£:::fc, (A.31) 

where 

^)( W< ) = kj(v t )R^ 1 \2v l - 4r,)fi (A.32) 
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and one should note that all the repeated indices in eqs.(A.29, A. 30, A. 31) sum over 1 to 
2n — 1 except for c\ or a±. We now denote 

i 

v t] { Vm }) fd ) = ^ffiW " 1 ^; W/MW^, ••••'•-••••'•.) 

xS&fol MM*; {*U)t'-t ^ 6l - 6m |0), (A.33) 
i 

\¥*Uu, v f , { Vm }) ab ) = ^ff^^ Ar 1 ^; {^})i? a («)cr m (^, • • • , *i, • • • , vm) 

xSt: d e S(^ {Vi})ri(vi) {v m })tt Fbl '-- bm \U)> (A-34) 

l*m-2(«> ^ ^ {^m})di> = F(M)$^l 2 em (i;i, • • • , V it • • • , fy, • • • , V m ) 

xAr 1 ^; {^})Ar 1 fe; {^•})o; 1 (^)a; 1 K)F 6l - 6 -|0), (A.35) 

I*m- 2 (W, Ui, Ujl RJU) = F{uWm-2 m {vu ' ' ' , V U • • • , fy, • • • , V m ) 

xAr 1 ^; {^})o;(^)pi 1 (0)Ar 1 K; {^•})o; 1 (^)F 6l - 6 -|0) ) (A.36) 
\^_ 2 {u,v h Vj\ {v m }) dl } = F(u)^2-2 m ( v i^ ■■■,Vi,---,Vj,---,v m ) 

xAr 1 ^; {^})cK) P t 1 (0)Ar 1 K; {* i })wi(t; i )i i * 1 -*"|0> J (A.37) 

|*S-2(M>Ui,Vj; {v m })d 1 ) = F(u)^2-2 m {Vl, ■ ■ ■ ,Vi, ■ ■ ■ ,Vj, ■ ■ ■ , V m ) 

xnivj; {vrnmZtZK' 1 ^- {v t })Ar l (v j; {^■})a;(^)a;(^)p n _ 1 (0)F 6l - 6 -|0).(A.38) 

With the help of relation Eq.(A.28), we can easily change the \^m-i( u i v i'i { v m})fd) and 

\^-i( u , v u {v m })ab) into |*2-i( u > u il { v m})fd) and |tf respectively. It 
is easy to get 

S d ie2 Hl dl (u, Vi , Vj)\V®_ 2 (u, V ^ ^ {^m})d ie2 ) = 

u,Vi,vf, {v m }) dl ) (A. 39) 

with 

"^.^Ko-of (A ' 40) 

Using Eq.(A.29) and Eq.(A.23), Eq.(A.30), Eq.(A.31) and Eq.(A.24), we can rewrite 

H 2,di ( M > V " U i)Sdi l*m-2(«. V i> ^ {^m})df C2 > = 
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H 2jdl (u, v u Vj)\V®L 2 (u, Vi, Vj\ {v m }) dl }, 

H 3, dl ( U > V U Vj)\V$- 2 (u, Vi, Vj] {V m }) dldl ) = 

Hl dl (u, Vi, Vj)\¥^_ 2 (u, Vi, vf, {v m }) dl ), 
H* di (u, Vi, Vj)f di \^_ 2 (u, v h v f , {v m })f lf ) = 
Hl dl (u,Vi, Vj )\¥^_ 2 ( U,Vi,Vj\ {v m }) dl ), 

respectively. Where 

1 H* d (u, Vi ,Vj)% 



H% dl (u,Vi,Vj) 



p{vi, Vj)a\{vj,Vi) R( n -V(vi - Vj)% p n -i(vi + vfiTWfa 



\ee 



H3 tdl (u,Vi,Vj) 



p(Vj,Vi)a{(Vi,Vj)p n -i(Vj - Vi)pn-l(Vj + Vi)T^)(Vjy 

^4 di \V"> ^ii Vj) = ~/ \~w \ jz r^: jz z r 
p{Vi, Vj)p(Vj,V i )p n - 1 {Vj - Vi)p n -i{Vi + Vj) 

„. g^w^jg R^i-vj ~ Vi)f ldl 

R{n-1)(^.- V .)dd T^(Vi)T( d \Vj) 

After making the notation 

\V x (u,{v m })),x = A,A 2 

u(u)A™(u; {u m })$*-*»(ui, • • • , v m )[T m (u; {v m })^UF^ 
we arrive at the final result Eq.(41). 



\*x(u,{v m })) 



B Necessary coefficients 



"{ j \u U) ; {&}) = ou[ j \u^{ j \u^; {&}) 



{&}) = ^\u^)£\u^; {&}), 



with 



})= n ; ' 
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For the case of Eq.(ll), we have 



e 2 ^ mnh(u^) 



sinh («C?) — 2rj) ' 

(,-) _ e^-n- 1 * sinh(u^) cosh^gj - (2(n - j) + 3)?]) 



2 (»-J')+ lV ; sinh(uO) - 4(n - i)r/) cosh^O) - (2(n - j) + l)r/) ' 
while for the case of Eq.(12), if p_ = n 

u>¥\uM) = e~ uU) [c_ coshfa) + sinh(M (j) - 2(n - j»] 



<^2 , , ( » 



e « U) -4 J ? sinh ( M 0))[ c _ S i n h(2r/) + cosh(u^ - (2(n - j) + l)r/)] 



2 (n-j)+iv ; - s i n h( w 0) - 4(n - j)r/) cosh(^) - (2(n - j) + 1)?7) 
x [c_ cosh(?7) + sinh(u^ — 2(n — j)rf)], 

m , sinh(u^) ( 1, 
w U) m U) = — — — ^— x ^ , x (B.4) 

sinh(wO) - 2?7) [ c _ cosh(M^) - 77). (j = n - 1) 

If p_ 7^ n, 

q¥\uW) = e- u<J) [c„ cosh(?7) + sinh(uk'> - 2(2p_ - (n + j))?/)], 



C?)) = 



e u«)-4f, s i n h( M 0'))[c_ sinh(2r7) + cosh(w^) - (2(n - j) + 1)77)] 



2{ "- j)+lV ; '~ sinh(TjO) - 4(n - j)rj) cosh(uCj) - (2(n - j) + 1)77) 
x [c_ cosh((4p_ — 4(n — j) — 1)77) + sinh(u^ — 2(n — j ) 77) ] , 



^) (ti &-)) = (B.5) 
v ; sinh(wO) - 2rj) y ' 



and 



uj^\u ij) ) = [c_ cosh(uk') - (2p_ - 2j - 1)77) + sinh(2(n -p_)77)], 
_(,-) _ e 2(2(»-:0-i)»? sanh(u®) cosh(u^) - (2(n - j) + 3)77) 



sinh(w( J ) — A(n — j)r)) cosh^t?) — (2(n — j) + 1)77) 



x [c_ cosh(u^ — (2p_ — 2j — 1)77) + sinh(2(n — p_)rj)\, 



fi)W(u«) r2 " S11) 



h(u^')) 



sinh(w( J ) — 277) 



x { (B.6) 
[c_ cosh(wW — (2p_ — 2j — 1)77) + sinh(2(77 — p_)77)] (j — n — 1) 

for j < p- and p~ < j < n — 1, respectively. For the case of Eq.(13), we have 

U)( Uh - sin H u(j) ~ 2(2(n - j) + l)rj) cosh(w^ - (2(ra - j) - l)r/) 



sinh('uO') — 277) cosh(wO') — (2(n — j) + 1)77) 
ah(T^) - 2(2(n -j) + 1)77) 0) 
sinh(uC?) - 4(w - j)rj) ' ™ 2 (^)+ l( 



= -2(2(n-i) + 1),) ; „ , )} = e - 2(2( ^)-^. 7) 
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sinh(i;- n ^ — 2n) 

(B.8) 

while for the case of Eq.(14), if p + = n 

x [cosh(r/) - c + sinh(w (j,) - 2((n - j) + 1)77)] , 



,0) 



^2(n-j) 



j)+1 (u {3) ) = K^\u {3 \n -j,n- j) 2 ( n -j)+i, 



^o> ) = ^;-f("-i) + 'W x i^"- 1 ) (B . 9) 

srah(uw) - 4(ra - .7)77) I c+ cosh(w^ - 5ry). (j = n - 1) 



If p + ^ n, 



„,wJ( u (j)) = v JJ : u [sinh(2ry) + c+ cosh(w (j) - (2(n - j) + l)rj)] 



sinh(uO') - 2r/) cosh(ttO') - (2n - 2j + 1)77) 
x [cosh((4p + -An- - c + sinh(w (j,) - 2((n - j) + l)n)}, 



- «?<««>,..-;,* - »»<««>> - sin t^f (2 ^ ) )) ;; ) " ) (B^) 

and 

(j) (j) _ sinh(u^) - 2(2(n - j) + 1)77) cosh(n^) - (2(n - j) - 1)77) 
Wl ^ ' ~~ sinh(u^) - 2t?) cosh(uW) - (2(ra - j) + 1)77) 

x [c+ cosh(u^ — (4n — 2p + — 2j + 3)77) — sinh(2(77 — p + )rj)\, 
w 2(n-j) + M j) ) = e~ 4(n ~ j ~^[c+ cosh(u ij) - (An - 2p + - 2j + 3)77) - sinh(2(77 - p+)n)\, 
e~*> smh(uO') - 2(2(n - j) + 1)77) 



sinh(t(0) — 4(n — j)n) 



■ 1, (j^n-1) 
x<| r , (B.ll) 

[c+ cosh(w w — (4n — 2p + — 2j + 3)77) — sinh(2(n — p+)n)} (j = n — 1) 
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for j < p + and p + < j < n — 1, respectively, 



„0) 



2e 1 '*'" sinh(w^) sinh(v l u ' 1 — 4(?t, — j)r]) 



[sinh(2r;) + c + cosh(w? } - (2n - 2j + 1)77)] 



sinh(fp' ) — 277) 

x [cosh((4£> + — 4n — 1)?]) — c + sinh(fp' ) — 2(n — j + 1)77)], (j < p+, jo+ 7^ n) 
-[cosh(?]) — c + sinh(ff n 1 - > — 2r])], (p + = n, j = n — 1) 



smh(v\ 



smh(v, 



(n-l) 



2e 2,? sinh(t^) sinh(t;-' 7j — 4(tt, — j)//) cosh(7j- Jj — (2tt, — 2j — 1)77) 



2r/) 



,0') 



0) 



sinh(^ 



(n-l) 



277) 



sinh(?jp' ) — 277) 
»+ " 2j + 3)77 

• (p+ < j = n - 1) 



x [c+ cosh(fp- ) — (4n — 2p + — 2j + 3)77) — sinh(2(n — p + )rf)], (p + < j < n — 1) 
e 2ri sinh(t;- n_1 - ) ) 



(B.12) 
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